Abstract. A general integral formula for the spectral flow of a path of unbounded selfadjoint Fredholm operators subject to certain summability conditions is derived from the interpretation of the spectral flow as a winding number.
Introduction
Integral formulas for the spectral flow play an important role in recent developments in noncommutative geometry (see [BCPRSW] and references therein). Here we have in mind formulas of the form sf((D t ) t∈ [0, 1] 
for a path (D t ) t∈ [0, 1] of unbounded selfadjoint Fredholm operators such that certain summability and differentiability conditions are fulfilled. For the moment we also assume that D 0 and D 1 are invertible and unitarily equivalent. If this is not the case, there is an additional contribution from the endpoints.
Integral formulas have been proven for bounded perturbations and special classes of functions ψ, most importantly for (up to normalization) ψ(x) = (1 + x 2 )
−p/2 with p > 0 and ψ(x) = e −tx 2 for t > 0. These have applications to p-summable and θ-summable Fredholm modules respectively. Getzler suggested and proved the formula in the θ-summable case [Gl] , and Carey-Phillips in the p-summable case [CP1] . In both cases the formulas have been generalized and extended to BreuerFredholm operators by [CP2] .
In this paper we prove a general integral formula using the interpretation of the spectral flow as a winding number. In contrast to loc.cit. our proof works also for D t − D 0 unbounded. As applications we discuss integral formulas for paths of elliptic operators on a closed manifold and review the p-summable case and the θ-summable case.
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Derivation of the integral formula
The spectral flow of a norm continuous path of bounded selfadjoint Fredholm operators was introduced in [APS] . It measures the net number of eigenvalues changing sign along the path. There are several suitable topologies on the space of unbounded selfadjoint Fredholm operators for which the spectral flow is well-defined. See [L] for a comparison. Recall that a path is gap continuous if the resolvents depend continuously on the parameter. In [BLP] the spectral flow of a gap continuous path was defined and expressed in terms of the winding number of its Cayley transform. The definition of the spectral flow in terms of the winding number that we will give below is closely related and is justified by [Wa, Prop. 2.6] .
Let H, H ′ be separable Hilbert spaces. Let B(H, H ′ ) be the space of bounded operators from H to H ′ endowed with the norm topology. Let K(H) ⊂ B(H) be the ideal of compact operators. The group of unitaries in B(H) is denoted by U(H).
We denote by l We will use that for a selfadjoint operator D with compact resolvents and a con-
are continuous.
We call a function χ ∈ C 1 (IR) fulfilling
(This definition differs slightly from the one in [Wa] ).
If (D t ) t∈[0,1] is a gap continuous path of selfadjoint operators with compact resolvents, then f (D t ) is compact for any f ∈ C 0 (IR) and continuous in t. In particular, if χ is a normalizing function, then χ(D t ) 2 − 1 is compact and depends continuously on t; furthermore since e πi(χ+1) − 1 ∈ C 0 (IR), the unitary e πi(χ(Dt)+1) ∈ U K (H) depends continuously on t as well.
The winding number of a loop s :
The formula holds also for loops that are piecewise in C 1 (see [KL] ). The winding number extends to a well-defined isomorphism
We will work with the following definition of the spectral flow. We only need the case of operators with compact resolvents. See [Wa] for a general definition. 
The definition is independent of the choices.
for any normalizing function χ.
For simplicity we will only consider paths with invertible endpoints. Using the definition one can then easily deduce formulas for the general case.
In the following lemma, in preparation for the general case, we derive an integral formula for the spectral flow on a finite-dimensional Hilbert space. In its proof we will use some facts about the relative index of projections (see [ASS] ):
The relative index of a pair (P, Q) of projections on H with P − Q ∈ K(H) is defined by ind(P, Q) = ind(QP :
,
Proof. For the moment assume that the restriction of χ to [−c, c] is a polynomial, where c > 0 is such that the spectrum of
) and denote
Using the definition of the spectral flow we get
extends to an entire function. Hence if Γ is a closed curve in C not intersecting [−c, c] and with winding number 1 with respect to the origin, we have that
It follows that 1 2πi
We evaluate L: An analogous calculation shows that
The path
) is homotopic to the path (1−t)(2P 1 −1)+ t(2P 0 + 1) by a homotopy of paths with invertible endpoints. Hence, by homotopy invariance of the spectral flow and the properties of the relative index of projections,
It follows that
Both sides of the formula are continuous in χ with respect to the norm of C 1 ([−c, c]). Since we can approximate the restriction of any normalizing function to [−c, c] in
by polynomials, the formula holds for any normalizing function.
It is a well-known fact from functional analysis that if
We will tacitly make use of this property.
For a selfadjoint operator D let H(D) be the Hilbert space whose underlying vector space is dom D and whose scalar product is given by < v, w > D =< v, w > + < Dv, Dw >, where < , > is the scalar product on H. 
Let χ ∈ C 1 (IR) be a normalizing function with supp χ ′ ⊂ (supp φ) o and such that there is C > 0 with
where p = 0 if D 0 − D t is bounded for all t ∈ [0, 1] and else p = 1.
Then, with
Note that each term of the formula is invariant under conjugation by a path of unitaries (
This is clear for the left hand side and for the contribution of the endpoints. Furthermore
Here we used the cyclicity of the trace and that
Proof. We note that by the remark preceding the theorem the maps
are well-defined and continuous.
First assume that χ ′ ∈ C ∞ c (IR) and let R > 0 be such that supp χ ′ ∈ [−R, R]. We also assume that there are λ, µ ∈ C 1 ([0, 1]) with λ, µ > R such that {−λ(t), µ(t)} is a subset of the resolvent set of D t for all t ∈ [0, 1]. Then P t = 1 [−λ(t),µ(t)] (D t ) is a path of projections with finite-dimensional range. We have that
there is a closed curve Γ and ε > 0 such that
for all t ∈ (t 0 − ε, t 0 + ε). Since the resolvents depend differentiably on t in
We may find a family of isometries (U t :
Here we used that
This proves the assertion under the two additional assumptions of the beginning of the proof.
We still let χ and R be as above, but now we drop the assumption on the existence of λ(t), µ(t). We may find a partition 0 = x 0 < x 1 < · · · < x k+1 = 1 such that λ(t), µ(t) as above exist on [x i , x i+1 ] for each i. We cannot apply the above arguments directly since D xi need not be invertible for i = 1, . . . , k. Let Q be the projection onto Ker D x1 + Ker D x2 + . . . Ker D x k . Let ε > 0 be such that [−ε, 0) is in the resolvent set of D xi for any i = 1, . . . , k and let φ ∈ C ∞ ([0, 1]) be a realvalued function such that φ(1) = ε and supp φ ⊂ (0, 1].
For each pathD i t the previous part of the proof works. Furthermore
For notational simplicity we assume that k = 1. Then by the first part of the proof
Now consider general χ. We may assume that supp φ = IR. Let f ∈ C ∞ c (IR) be an even function with 0 ≤ f ≤ 1 and f (0) = 1 and let f n (x) = f (
ψ n (y) dy. Then χ n is a normalizing function for each n. Furthermore χ n converges to χ in C 1 (IR) for n → ∞. For χ n the formula holds by the previous part of the proof. Since f n (D t ) is uniformly bounded and converges to the identity in l
Furthermore for x ≤ 0 we have that
and similarly for x > 0. Hence for x ∈ (−∞, 0)
] is a path of selfadjoint operators with compact resolvents and common domain such that
Let φ ∈ C 0 (IR) and assume that supp φ is connected and φ is positive on the interior of its support and that
Let ψ ∈ C 0 (IR) be an even non-negative function with supp ψ ⊂ (supp φ) o , ψ(0) > 0 and (|x| + 1) p |ψ(x)| ≤ Cφ(x) where we set p = 0 if D 0 − D t is bounded for all t ∈ [0, 1], and else p = 1. Let
Proof. As in the last part of the proof of the theorem let f ∈ C ∞ c (IR) be an even function with 0 ≤ f ≤ 1 and f (0) = 1 and let f n (x) = f (
2. Applications 2.1. Paths of elliptic operators. Let M be a closed Riemannian manifold and E a hermitian vector bundle on M . Let (D t ) t∈[0,1] be a path of elliptic symmetric differential operators of order one on L 2 (M, E) with invertible endpoints. Assume that the coefficients of D t depend smoothly on t. There is p ≥ 1 such that the injection
depends continuously on t, we have that (1 + D
Then the formula in the theorem holds for χ and (D t ) t∈ [0, 1] .
Particular examples of normalizing functions fulfilling these conditions are the functions χ p and χ s defined in the following section.
By the remark before the proof of the theorem the formula does not depend on the choice of the Riemannian metric on M and the hermitian structure on E, which are even allowed to vary smoothly with the parameter. Note that for the definition of
no choice of Riemannian metric and hermitian structure is required.
2.2. p-summable operators and θ-summable operators. We consider the spectral flow of (D t := D + A t ) t∈ [0, 1] where D has compact resolvents, furthermore D + A i , i = 0, 1, are invertible and one of the following two conditions is fulfilled:
Assume (I). From the resolvent formula
is well-defined and continuous.
A particular normalizing function is
There is C > 0 such that In the following we show that
Now consider (II
There is C > 0 such that for small s
is continuous. Hence for s > 0 small enough the series 
For h → 0 the first summand on the right hand side converges to zero in l 1 (H) since the first factor does so in B(H) and the second factor is uniformly bounded in l 1 (H) by the previous estimate. Since e −s1(D+At) 2 ∈ l 1 (H) and e −(s−s1)(D+At) 2 ∈ l 1 (H), clearly the second row on the right hand side also converges to zero in l 1 (H). It follows that for s > 2s 0 In comparison with [CP2] , where these formulas have been proven for norm continuous paths (A t ) t∈[0,1] , we only require strong continuity. However, we have an additional condition in the θ-summable case. Also the contributions of the endpoints are different.
Another motivation for reconsidering the formulas here is that the proofs in [CP1] [CP2] are technically very involved. This is partially due to the fact that they include the case of Breuer-Fredholm operators affiliated to a semifinite von Neumann algebra. Another reason is that their method requires that t → D t (1+D
is differentiable in an appropriate topology (see p.e. [BCPRSW, §7.2] ). This is much more difficult to prove than the differentiability of the path of resolvents in l p (H) resp. of the path e −sD 2 t in l 1 (H), which was enough in our approach.
